In this paper we classify the pathcomponents of the space of Morse maps of closed oriented surface into circle. The main result is as follows: two Morse maps f, g : M → S 1 belongs to the same pathcomponent of M if and only if they are homotopic, and have the same critical type, i.e. the same number of critical points at each index.
Introduction
Let M be a closed oriented surface and let S 1 be a circle. Consider the spaces C ∞ (M, R) and C ∞ (M, S 1 ). Each of them contains an open and everywhere dense subset M(M, R) and M(M, S 1 ) respectively, consisting of Morse maps of M into R or S 1 , i.e. the maps, all of whose critical points are nondegenerated.
It is a natural question: what are the components of this subspaces?
The classification of the components of M(M, R) was recently obtained in [1] by V. V. Sharko. He informs me that the same classification was also obtained by S. V. Matveev and that their proofs are independent from each other and are based on different methods. Matveev's proof should apper in [2] . Their result is as follows: Theorem 1.1 Let ξ = (M; V 0 , V 1 ) be a cobordism where M is an oriented compact surface. Let f, g : ξ → [0, 1] be two Morse functions on this cobordism, i.e. f −1 (t) = g −1 (t) = V t , for t = 0, 1. Then f and g belong to the same path-component of the space M(M, R) if and only if they have the same critical type, i.e. the same number of critical points at each index.
The problem of classification of the components of M(M, S 1 ) was proposed to me by V. V. Sharko. It is obvious that to belong to the same component of M(M, S 1 ), the Morse maps must be homotopic as a continuous maps.
The main result of this article shows that the homotopy class and the critical type of Morse maps are the only obstructions to connectness: 
Preliminaries
At first, we consider general case of mappings from manifold into one-dimensional manifold without boundary, i.e. line R or circle S 1 . All manifolds and maps below will be assumed smooth of class C ∞ . Here we give some definitions and the formulations of results, which will be used further.
Morse maps
Throughout this section the W be n-manifold with boundary ∂W , and P be one manifold without boundary.
Let f : W → P be any smooth map. It induces the tangent map T f : T W → T P and over each point x ∈ W we have linear map of fibers:
In fact this is the linear map R n → R i.e. the linear form and therefore it may be considered as an element of cotangent bundle T * W of fiber T * x W . Note that a dependence T x f on x is smooth therefore we have a smooth map W → T * W which is called differential of f and is denoted by Df . This map is obviously a section of a cotangent bundle of M.
On the other hand, there is a null-section of this bundle. We denote its image in T * W by Z * .
e. the tangent map T f at this point is trivial. A critical point x ∈ W of f is called nondegenerated if the section Df is transversal to the null-section Z * at this point. Equivalently, the critical point x is nondegenerated of the map f : W → P if the gessian (the matrix consisting of the second partial derivatives of f in some local representation of f ) is nondegenerated.
The map f : M → P is Morse if it satisfies the next conditions:
1. f has only finite number of critical points and all of them are nondegenerated 2. f maps a components of W into a points of P (which may be different for each component).
Let f : M → P be a Morse map. For all k = 0..n, by c k (f ) we denote a number of critical points of f of index k. The critical type of Morse map is an ordered vector (c 0 (f ), . . . , c n (f )).
The set of all Morse maps from W to P with the same critical type as the one of f we denote by Σ(f ).
To simplify the terminology we give the next:
The Σ-homotopity of the maps f and g will be denoted by f ∼ Σ g.
The next proposition is known and shows that Σ-homotopy does not change critical type of map. Proposition 2.1 If f ∼ Σ g then f and g have the same critical type.
Morse mappings into circle
We show here that the study of a components of the space Morse map on W into one-manifolds is reduced to two partial cases:
1) the components of M(W, R) 2) the components consisting of that Morse maps W → S 1 for which the induced homomorphism H 1 W → H 1 S 1 is onto.
Morse maps and covering maps.
Proposition 2.2 1. Let V, W be n-manifolds and P, Q be one-dimensional manifolds. Let f : W → P be a Morse map and let h : V → W and g : P → Q be a local diffeomorphisms. If w ∈ W is a nondegenerate point of f then each point v ∈ h −1 (w) is the nondegenerate point of a composition g • f • h : V → Q, and has the same index as w.
2. The composition of Morse map with covering map is Morse. The lifting of Morse map on covering space is Morse.
3. Let G t : W → W and H t : P → P be a smooth isotopies, then the homotopies defined by formulas
are Σ-homotopies.
The first statement is obvious. The others follow from first.
Continuous maps into circle. 
is not onto.
The first statement belongs to the obstructions theory, the second directly follows from the theorem of liftings for coverings [4] . Let f and g be homotopic Morse maps from W to S 1 . By proposition 2.3 they lift to such a covering of S 1 that the corresponding liftings induce in 1-homology groups the homomorphism onto. Denote this liftings byf and g. Then f ∼ Σ g if and only iff ∼ Σĝ .
Thus we may considerf andĝ instead of f and g. Remark. If f ∼ g ∼ 0 then the covering above is the universal covering R. Thereforef andĝ are functions.
Exact Morse functions on surfaces.
Recall that a Morse map f : W → P is exact at index k, (k = 0..n) if f has the minimal number of critical points of index k over all Morse maps from W to P . The Morse map is exact, if it is exact at each index k = 0..n. Note that in general case, the exact Morse map may not exist.
Consider the case of surfaces. Let ξ = (M; V 0 , V 1 ) be a cobordism, where M is a compact connected oriented surface.
Proposition 2.4
1. The Morse function f on cobordism ξ which has no critical points of indexes 0 and 2 there exist if and only if the both sets V 0 and V 1 are not empty.
2. The Morse function f which satisfies the previous condition is exact.
3. Let f be an exact Morse function and let g be an any Morse function on ξ. Then changing f by adding some pairs of critical points of indexes 0 and 1 or 2 and 1 we can obtain the Morse function with the same critical type as g.
Proof. 1) Necessity. Let f be Morse function on ξ which has no critical points of indexes 0 and 2. By the condition of this proposition M is compact therefore f has minimum and maximum on M. The function f is Morse therefore its extremums may be the critical points of indexes 0 and 2 and the entire components of boundary ∂M. It follows that if V i for some i = 0, 1 is empty then f has a critical points of index 0 or 2 respectively, but this contradicts to supposition.
Sufficiency. There exists a Morse function
Since both V i are not empty, then by decomposition theory on surfaces [5] we may change f by eliminating all critical points of indexes 0 and 2 with some critical points of index 1.
2) Suppose that f has no critical points of indexes 0 and 2, i.e. f is exact at this indexes. By Morse equality [6] 
we have c 1 (f ) = −χM. Let g be an any Morse function which has at least one critical point of index 0 or 2. Then
Hence f is exact at index 1 too.
3) This statement also follows from decomposition theory.
On inverse images of regular values
Let M be a surface. Let f : M → S 1 be a smooth map, and let x ∈ S 1 be its regular value. We consider here a homological properties of inverse images of regular values of f . All homology groups will be with the coefficients from Z.
Orientation of inverse images. Let X = f −1 (x). Then X may be or an empty set or a collection of mutually disjoint circles in M. Choose the positive orientations of M and S 1 . By the map f we can define on M a vector field which is analogue of grad of functions. In local representation our map f is a function on 2-disc. Its gradient at a point x is an element of T x M which does not depend on a particular choice of local coordinates near x. We denote it by grad x f .
The orientation of M and a vector field grad f induce a canonical orientation of X.
Let z ∈ X. By the condition, z is a regular point of f , therefore grad z f = 0. In a fibre T z X ⊂ T z M over z choose a vector V z such that the pair (V z , grad z f ) be a basis of T z M and gives a positive orientation of M. This choice (orientation of T z X) induces an orientation of a component C of X containing z. Since C is a circle and therefore is orientable then this orientation does not depend on a point z ∈ C. An orientation of each component of X gives an orientation of X.
Thus X may be considered as the oriented 1-cycle
Intersections form on M. Let
be an intersection form of M i.e. for any two 1-cycles a, b ∈ H 1 M an integer number φ(a, b) be an algebraic number of its intersections. This is the skewsymmetric bilinear form which induces an isomorphism
′ is another regular value of f and X ′ = f −1 (z) then the cycles X and X ′ are cobordant and therefore they are homological:
does not depend of particular choice of regular level of f . Now we gives another description of p[X].
The map f induces the map of 1-cohomologies
Let ξ be a generator of H 1 S 1 which gives a positive orientation of S 1 . Consider the element f 1 (ξ) ∈ H 1 (M). It depend only on homotopy class of f .
This means that for any 1-cycle z ∈ H 1 the algebraic number of its intersection with the cycle [X] is equal to the degree of a restriction
Remark. The 1-cycle Z may be geometrically represented as a collection of circles imbedded into M. The degree f Z means a sum of degrees of the restrictions of f to this circles. We will use below the following simple corollary: 
The main result
Here we formulate the main result again and give an idea of its proof. A necessity of this theorem is follows from the proposition 2.1. We will prove sufficiency. Consider two cases.
1. The f and g are null-homotopic.
Then they can be lifted onto the universal covering R of S 1 to the functionsf ,ĝ : M → R, i.e. f = q •f and g = q •ĝ, where q : R → S 1 is a covering.
It follows from the parts 1 and 2 of the proposition 2.2 that this liftings are Morse and have the same critical type: Σ(f ) = Σ(ĝ). By the theorem 1.1 they are Σ-homotopic. Let H : M × I → R be a homotopy betweenf = H 0 andĝ = H 1 . Then, by the proposition 2.2, the composition q • H : M → S 1 is a Σ-homotopy between f and g.
2.
The f and g are homotopic but not nullhomotopic.
From the theorem 1.1 we obtain a simple corollary which gives a sufficient condition for existing the Σ-homotopy: Corollary 3.1 Suppose that there exist such a point x ∈ S 1 , which is a regular value for both maps f and g, that the next relation holds
Remark. It is not hard to prove that relation 3.2 implies f ∼ g. Proof. Denote by X the set f −1 (x) = g −1 (x). By the condition f ∼ 0 therefore X = ∅. The value x is regular therefore X consists of finite number of circles:
Cutting M along X we obtain a new surface M ′ . Let p : M ′ → M be a factor-map. It is obvious that ∂M ′ = p −1 (X). Note that the compositions f • p and g • p M
′ to S 1 are nullhomotopic. Therefore they lift onto the universal covering of S 1 to the functionsf andĝ respectively. Thus we have the following commutative diagram:
We may assume that q −1 (x) = 0 ∈ R and thatf (M ′ ) = [0, 1]. Then it is not hard to prove thatĝ(M ′ ) = [0, 1], and thatf
Deforming f by isotopy of M in some neighborhood X we can achieve, that f = g near the X. Thenf =ĝ in some neighborhood of ∂M ′ . Thus we see thatf andĝ are Morse functions on cobordism
which coincide near the ∂M ′ . It follows from the part 1 of proposition 2.2 that they have the same critical type and by the theorem 1.1 they are Σ-homotopic relatively some neighborhood of ∂M ′ . This homotopy induces a smooth Σ-homotopy between f and g relatively some neighborhood of X. We prove this.
Let H : M × I → R be such a Σ-homotopy with H 0 =f and H 1 =ĝ relatively some neighborhood N ′ of ∂M ′ . It is obvious that there exist a neighborhood N of X in M such that p −1 (N) ⊂ N ′ . Now it is easy to verify that a homotopy H ′ : M × I → S 1 defined by the next formula
is a smooth Σ-homotopy between f and g relatively N.
The next two propositions shows that we can always Σ-deform this maps to satisfy the conditions of corollary 3.1.
Proposition 3.7
The maps f and g are Σ-homotopic to such a maps f 1 , g 1 : M → S 1 that for some points z, y ∈ S 1 we have
1 (y) = ∅ Proposition 3.8 Suppose that there exist two different points x, y ∈ S 1 that the sets X = f −1 (x) and Y = g −1 (y) are not intersected:
The proof of main result
At first we apply proposition 3.7 to the maps f and g and obtain a maps f 1 and g 1 . Then f 1 and g 1 satisfy to the conditions of the proposition 3.8. Therefore we can find a mapf such thatf and g satisfy to conditions of corollary 3.1. This proves the theorem 1.2. The proofs of propositions 3.7 and 3.8 will be given below.
4 Two lemmas
Unessential components
Let f : M → S 1 be a smooth map, and x be its regular value. Let X = f −1 (x).
Definition 4.3 Let C be a component of M \X. We say that C is unessential for the map f , if a restriction f | C is not onto. In other case, when f | C = S 1 , and we say that the component C is essential.
We prove (corollary 4.2) that in the case when f is not null-homotopic, it is possible to Σ-deform the f to such a map g that M \ g −1 (x) contains no unessential components.
Cut M along X and denote obtained surface by M ′ . Let p : M ′ → M be a factor-map.
A restriction f | M \X is a map into interval S 1 \ {x} and therefore is nullhomotopic. It follows that the composition f • p : M ′ → S 1 is nullhomotopic also, and therefore it lifts onto universal covering R of S 1 to a some map f : M ′ → R. As in section 3 we may assume thatf (
Remark. A component C is unessential for f if and only iff(C
Lemma 4.1 Let C be unessential component for f . Denote R = X ∩ C.
Then there exists a Σ-homotopy relatively some neighborhood of C which deforms f to such a map h that x is regular value of h and h −1 (x) = X \ R.
Corollary 4.2 Let f : M → S 1 be a smooth map and x ∈ S 1 its regular value. Suppose that f in not nullhomotopic. Then f is Σ-homotopic to a map f 1 such that x is regular value of f 1 and that each component of
Proof of corollary. The set X contains a finitely many components all of which are the circles. Eliminating, by lemma 4.1, any unessential component C we decrease the number of component of inverse image of x. Since f is not null-homotopic then the inverse image of any point of S 1 can not be made empty. It follows that by finite number of steps we obtain such a map that the complement of inverse image of x contains no unessential component.
Proof of lemma 4.1 Since the set f (C) is a proper subset of S 1 then the restriction f | C is nullhomotopic. Therefore it lifts onto universal covering R of S 1 to a mapf :
We may assume that
where a < 1. Let δ be such a number that 0 < 4δ < 1 − a and that the set
consists of regular values of f only. Let K be a union of that components of a setf −1 [1−4δ, 1] which intersect C. It follows from a choice of δ that
Let N = K ∪ C. The set C is a strong deformation retract of N, therefore the restriction of f on N is also nullhomotopic and lifting of f | C extends to a lifting of f | N . Thenf (N) = [−4δ, a].
It is obvious that
Let H : R × I → R be an any smooth isotopy of identical map id R which is fixed out of interval (−3δ, +∞) and contracts a segment [−3δ, a] into a segment [−3δ, −δ]. Then the mapping F : M × I → S 1 given by formula
is a Σ-homotopy of f . Moreover the map h = F 1 satisfies to the conditions of lemma. We prove this. At first F is smooth -for all x ∈ N ∩ N ′ we havẽ
This completes the lemma. 
c) Σ(f ) = Σ(f )
Proof. By the proposition 2.4 we can be limited to reviewing of a special case, whenf is exact Morse function.
To build Morse function with any critical type we at first build any exact function and than add a necessary number of pairs of critical points using the decomposition theory on surfaces [5] Note that the condition 1) of this lemma means that
It follows from the condition 2) that each component of the set M ′ setminusA intersects with only one of the sets B 0 or B 1 . Since U i consists of entire components of M ′ \ A, then
Let z ∈ (0, 1) and let δ be such a number that 0 < δ < min{z, 1 − z}.
For each circle σ of A choose its regular neighborhood N σ in M ′ , such that for the different circles σ and σ ′ of A, the neighborhoods N σ and N σ ′ are no intersested.
Consider the set N σ \ σ. It consists with two components K 0 and K 1 .
By (4.4) and (4.5), each set K i , i = 0, 1 is contained only in one of the sets U 0 or U 1 . By the condition 3) of this lemma the neighborhood N σ intersets with both sets U i . Therefore the sets K i contains in different sets U i . So we may assume that K i ⊂ U i , i = 0, 1.
Note also that for i = 0, 1 we have relation:
The neighborhood N σ is diffeomorphic to the direct product σ ×[z −δ, z + δ], with the circle σ ⊂ N σ corresponding σ × 0. Therefore there exist Morse function
which have no critical points, and for which φ −1 σ (z) = σ. We choose φ σ to be a projection on the second coordinate.
It may also be assumed that
Consider the neighborhood N A = ∪ σ∈A N σ of A and define the function
by the formula φ = φ σ on N σ . It follows from (4.6) and from the proposition 2.4 that on each set U i , i = 0, 1 there exist an exact Morse functions given by formula: h = h i on U i , satisfies the statement of this lemma.
Proof of proposition 3.7
We deduce it from the next more general one.
Proposition 4.9 Let f : M → S 1 be Morse map, which is not nullhomotopic, and let Y be a family of mutually disjoint circles on M. Suppose that a restriction f | Y is nullhomotopic. Then f is Σ-homotopic to such a mapf , that for some regular value z ∈ S 1 off the next relation holdŝ
Since f ∼ g then by the proposition 2.6 the oriented cycles [X] and [Y ] are homological. It is obvious that f | X is nullhomotopic (f (X) is a point).
We claim that f
1 . This means that the degree of the restriction f | C is zero. Therefore f | C is nullhomotopic. Now the proposition 3.7 is a direct consequence of the proposition 4.9.
Proof of proposition 4.9. The proof is inductive. Let f 0 = f , and let z 0 = z. At each stage we Σ-deform f k to a Morse map f k+1 and find a point z k+1 ∈ S 1 for which the intersection f −1 k+1 (z k+1 ) with Y is transversal and contain less points then f
1 be an any regular value of f and X = f −1 (x). By lemma 4.1 we may suppose that M \ X contains no unnessential components for f .
1.
We may also assume that X i Y intersect transversally. Indeed there exist a smooth isotopy H : M ×I → M of identical map H 0 = id M, for which an intersection H 1 (X) with Y is transversal. Trerefore by the statement 2 of proposition 2.2 the composition
is a Σ-homotopy of f for which the set
intersect Y transversally and we may take F 1 instead of f . Cut M along X and denote the obtained surface by M ′ . Let p : M ′ → M be a factor-map. The denotingsf, B 0 , B 1 will be mean the same as above.
By lemma 4.1 we may assume that M \ X have no unessential component for f . This is equivalent to the condition that each component of M ′ intersects with both sets B 0 and B 1 .
Let C = p −1 (Y ). Then C is a union of finite number of circles and segments on M which ends lie in ∂M ′ . We divide this segments by 4 groups. For i = 0, 1 let α i be the set of that segments which both ends lie in B i . Let β be the set of all other segments of C. For each element of β one of its ends belongs to B 0 and another end belong to B 1 .
All other components of C are circles. We denote their union by γ. The next statements hold Note that if X ∩ Y = ∅ then proposition 4.9 is proved.
Proposition 4.10
There exist a family of circles A ⊂ IntM ′ which satisfies the following conditions:
2. The A intersects an each segment of β in unique point and this intersection is transversal.
3. The fucntionf and the collections of circles A satisfy to the conditions of lemma 4.2.
Suppose that this statements are proved. Let A be the family of circles built by proposition 4.10. Let Z = p(A).
Applying to Z the lemma 4.2 we can construct the functionf : M ′ → R which incides withf in neighborhood of ∂M ′ , has the critical type of Σ(f ) andf −1 (z) = A for some regular value z ∈ (0, 1). Therefore by theorem 1.1f ∼ Σf and the mapf induces such a map
is a regular value of f 1 and f
It follows from f ∼ f 1 that the restriction f 1 on Z is nullhomotopic. Moreover by the conditions 1 and 2 of proposition 4.10 that the number of point of intersection Z ∩ Y is less then one of X ∩ Y .
By induction we can construct such a map f k : M → S 1 that for some its regular value z k f −1 
In each component T of L ′ we built a family of circles C T . The union C T over all components of L ′ be the family A which satisies the statement of this proposition.
Let
Then for sufficiently small τ T ∈ [0, 1] we put C T = c(T 0 × τ T ). We show how to choose τ .
Since γ ⊂ IntL then there exist such τ
Moreover the intersection β with T 0 is transversal and each arc of β ∩ T intersect T 0 in exactly one point (at the end of this arc). Therefore for any sufficiently small τ T such that 0 < τ T < τ ′ , the intersection c(T 0 × τ T ) with each arc l ∈ β ′ ∩ T is transversal and consist with unique point. This τ T is what we need.
Show that A satisfies our proposition. The conditions 1 and 2 follow directly from choice τ T . We prove that A satisfies to the conditions 2) and 3) of lemma 4.2.
Condition 2).
We show that ω intersect A. This will prove the condition 2).
Let t 0 be the last of numbers t ∈ [0, 1], for which ω(t) ∈ B 0 ∪ α 0 , and t 1 be the first on numbers t ∈ [t 0 , 1] for which ω(t) ∈ B 1 ∪ α 1 .
Then the path r −1 (ω[t 0 , t 1 ]) in contained in some component T ⊂ L ′ and intersect with both sets T 0 and T 1 .
By construction C T divide T between T 0 and T 1 , therefore r
Condition 3)
. Let U i be a union of that component of M ′ \ A which intersect with B i , i = 0, 1, and let σ be a component of A. We should show that σ ⊂ U 0 ∩ U 1 .
The set r −1 (σ) is contained in C T , where T is some component of L ′ , i.e. T intersects with both sets B ′ i , i = 0, 1. Consider the set T \ C T . One of its components is a complement to the collar of T 0 , we denote it by T ′ . It is obvious that C T ⊂ T ′ and that
All other components of T \ C T are the collars over components of T 0 . It follows that they are contained in U 0 . Since r −1 (σ) belong to the closure of some of such components then it belongs to the U 0 .
This proves the condition 3) and all proposition 4.10
4.3 The proof of proposition 3.8
Recall that we have two Morse map f, g : M → S 1 which are homotopic and have the same critical type, and x, y ∈ S 1 such a points that X ∩ Y = ∅, where X = f −1 (x), Y = g −1 (y). We should find such a Σ-homotopies of f and g to the mapsf andĝ recpectively thatf −1 (x) =ĝ −1 (y). At first we may assume that M \ X and M \ Y do not contain unessential components. If it is not so, by lemma 4.1 they may be eliminated by Σ-homotopy. Moreover the intersection of inverse images of points x and y of new maps retain empty.
Again cut M along X, and let M ′ , p : M ′ → M,f , B 0 , B 1 be the same as above.
We claim that the family of circles In particular A ⊂ U 0 ∩ U 1 . It rests to show that U i is a union of such a components of M ′ \ A which intersect B i , but this follows from the condition 1).
